Abstract. We analyze the structure of locally compact groups which can be built up from p-adic Lie groups, for p in a given set of primes. In particular, we calculate the scale function and determine tidy subgroups for such groups, and use them to recover the primes needed to build up the group.
Introduction
While connected locally compact groups can be approximated by real Lie groups and hence can be described using real Lie theory ( [15] , [20] ), the situation is more complicated in the case of a totally disconnected, locally compact group G. Here, we have a p-adic Lie theory available for each prime p, but it is not clear a priori which primes p will be needed to analyze the structure of G, nor whether p-adic Lie theory is useful at all in this context. Investigations in [8] indicate that general locally compact groups are 'too far away' from p-adic Lie groups (and from Lie groups over local fields) for meaningful applications of Lie theory to be expected. Therefore it is essential to restrict attention to classes of totally disconnected groups which are 'close enough' to p-adic Lie groups.
For example, we might consider the class of (locally compact) pro-p-adic Lie groups, viz. locally compact groups which can be approximated by p-adic Lie groups, for a fixed prime p (see [8] , [14] for investigations of such groups). However, it is clearly very restrictive to use p-adic Lie theory for a single prime p only; it is natural to try to use p-adic Lie theory for di¤erent primes p simultaneously. For instance, it should be allowed to approximate a group by finite products Q p A p G p of p-adic Lie groups G p (where p is a finite set of primes), or by closed subgroups of such products.
Such considerations led the author to propose in [8] the study, for each non-empty subset p of the set P of all primes, of the class MIX p of all locally compact groups which can be manufactured from p-adic Lie groups with p A p, by repeated application of the operations of forming cartesian products, closed subgroups, Hausdor¤ quotients, and passage to isomorphic topological groups. Thus, technically speaking, MIX p consists of all locally compact groups in the variety of Hausdor¤ groups generated by the class of topological groups which are p-adic Lie groups for some p A p.
For example, consider a Hausdor¤ quotient S=N of a closed subgroup S of a finite product Q p A F G p of p-adic Lie groups, with p in a finite set F J p, or a topological group isomorphic to S=N (such groups will be called A p -groups). Then S=N is a MIX p -group. Arbitrary MIX p -groups are not too far away from this example: a locally compact group G is a MIX p -group if and only if it is topologically isomorphic to a closed subgroup of a cartesian product Q i A I S i =N i of A p -groups (cf. (3) in paragraph 1.2 below), by standard facts from the theory of varieties of topological groups ( [6] , [16] , [21] ).
This information alone would not be enough for the analysis of MIX p -groups using p-adic Lie theory. However, we can prove much more: every G A MIX p can be approximated by A p -groups, in the sense that every identity neighbourhood of G contains a closed normal subgroup K J G such that G=K is an A p -group (Remark 2.10). We can also show that every A p -group G contains an open subgroup which is a finite product Q p A F H p of p-adic Lie groups (Corollary 2.5). Since every inner automorphism of G gives rise to local automorphisms of the factors H p , adapting techniques from [7] and [14] to the case of local automorphisms we can deduce very satisfactory results concerning the structure of MIX p -groups (including solutions to all open problems formulated in [8] ). In particular, we obtain a clear picture of the 'tidy subgroups' of a MIX p -group G and its 'scale function' s G : G ! N, which are the essential structural features of G in the structure theory of totally disconnected groups initiated in [26] , [28] . We recall the definitions:
Definition (cf. [26] , [28] ). Let G be a totally disconnected, locally compact group and a be an automorphism of G. A compact, open subgroup U of G is called tidy for a if the following conditions are satisfied:
Gn ðUÞ;
(T2) the subgroup U þþ :¼ 6 n A N 0 a n ðU þ Þ is closed in G.
It can be shown that compact, open subgroups tidy for a always exist, and that the index r G ðaÞ :¼ ½aðU þ Þ : U þ (called the 'scale of a') is finite and independent of the choice of tidy subgroup U. Specialization to the inner automorphism I x : G ! G, I x ðyÞ :¼ xyx À1 yields the scale function s G : G ! N, s G ðxÞ :¼ r G ðI x Þ of G. We let PðGÞ be the set of all primes p A P such that p divides s G ðxÞ for some x A G.
The main results. Writing MIX q for the class of locally compact pro-discrete groups, we can summarize our main results as follows.
(a) For any sets p and q of primes, we have MIX p V MIX q ¼ MIX pVq (Theorem 2.11).
(b) The scale function s G of any MIX p -group G can be calculated by Lie-theoretic methods. Furthermore, a basis of compact, open subgroups tidy for x can be described explicitly for each x A G, using Lie-theoretic methods (Theorem 3.4, Corollary 3.7).
(c) For every MIX p -group G, the set PðGÞ of all prime divisors of the values of the scale function is a finite set, and PðGÞ J p (Corollary 3.7).
(d) If G is a compactly generated MIX P -group and p a set of primes, then G A MIX p if and only if PðGÞ J p (Theorem 4.2). In particular, finitely many primes su‰ce to build up G. Furthermore, every compactly generated, uniscalar MIX P -group G is pro-discrete (Corollary 4.3)1. Previously, this was only known for p-adic Lie groups (see [22] and [14] ).
The explicit description of tidy subgroups is new even for p-adic groups; in [7] , s G was calculated without such information.
It is natural to expect that the set PðGÞ of all prime divisors of the values of s G should tell us which kinds of p-adic Lie groups (and which primes p) are needed to analyze a totally disconnected group G, at least in good cases. (This idea was expressed by M. Stroppel (Stuttgart) in 1994.) Result (d) above shows that this general philosophy can be turned into a mathematical fact for the class of compactly generated MIX P -groups.
Most of the results carry over from MIX p to the strictly larger class VSUB p of all locally compact groups in the variety of Hausdor¤ groups generated by topological groups having a direct product Q p A F H p of p-adic Lie groups as an open subgroup, for p in a finite subset F J p. We therefore discuss such groups in parallel.
Although our studies may remind the reader of adèle groups, closer inspection shows that the latter need not belong to MIX P , nor VSUB P (see Remark 3.8).
Variants. Some results remain valid if p-adic Lie groups are replaced by locally pro-p groups (groups possessing a pro-p-group as a compact open subgroup): see Section 5.
Further results. Motivated by results in [27] , in the final Section 6 we associate a set of primes LðGÞ to each totally disconnected, locally compact group G, which only depends on the local isomorphism type of G (the 'local prime content of G'). Since LðGÞ contains all prime divisors of the scale function, it provides a means of deducing information concerning the global structure of G (its scale function) from the local structure of G. Using the local prime content, we show that for each G A MIX P , there exists a unique smallest set of primes p such that G A MIX p (Theorem 6.7, Remark 6.9). If G is compactly generated, then p ¼ PðGÞ, as mentioned before. If G is not compactly generated, then p 0 PðGÞ in general. In this case, p can still be determined in principle (it is the 'intermediate prime content' of G, defined below), but it is a less tangible invariant.
In an appendix, which may be of independent interest, we describe topological groups G whose normal subgroups N with G=N a real (resp. p-adic) Lie group do not form a filter basis.
The present paper uses (and generalizes) results and techniques from [7] , [8] , [14] and [27] .
1 Preliminaries and notation 1.1. Given a class of topological Hausdor¤ groups W, the variety of Hausdor¤ groups generated by W is the smallest class VðWÞ of Hausdor¤ groups containing W and closed under the operations of formation of cartesian products 'C', subgroups 'S', Hausdor¤ quotients 'Q', and passage to isomorphic topological groups (which is understood and suppressed in the notation). It is easy to see that 1.2. Throughout the following, P denotes the set of all primes. Given p A P, we let LIE p be the class of p-adic Lie groups; given a non-empty subset p J P, we write LIE p :¼ 6 p A p LIE p . According to (2) , the variety of Hausdor¤ groups generated by LIE p is given by
is the class of all topological groups isomorphic to a Hausdor¤ quotient S=N of a closed subgroup S of a product Q p A F G p , where F J p is a finite subset and G p a p-adic Lie group for each p A F . For later use, we let A q be the class of discrete groups. We define
Finally, we let MIX q be the class of all pro-discrete, locally compact groups G, i.e., locally compact groups G whose filter of identity neighbourhoods has a basis consisting of open, normal subgroups of G (see [8] for more information). Note that all topological groups in A p , SUB p , MIX p and VSUB p are locally compact and totally disconnected. We shall see later that A p J SUB p and thus MIX p J VSUB p .
1.4.
A class A of Hausdor¤ topological groups which contains the trivial group and is closed under passage to isomorphic topological groups is called a property of topological groups; the elements of A are called A-groups. If A is a property of topological groups, we say that A is suitable for approximation (or an admissible property of topological groups, in the terminology of [8] ), if every A-group is locally compact, A is closed under the formation of finite cartesian products, closed subgroups and Hausdor¤ quotients (which holds if and only if A ¼ QSPðAÞ), and if G=ker f is an A-group, for every continuous homomorphism f : G ! H from a locally compact group G to an A-group H.
For example, the class of real Lie groups is suitable for approximation (cf. [16] ), and so are the classes of p-adic Lie groups (see [8] ), finite groups, finite p-groups, and finite nilpotent groups, respectively. Some work will be needed to see that the classes A p and SUB p are suitable for approximation. This information is very useful, because it is well understood which locally compact groups can be approximated by topological groups in a class of topological groups which is suitable for approximation. We recall [8, Theorem 2.1]: Proposition 1.5. Let A be a class of topological groups that is suitable for approximation, and G be a locally compact group. Then the following conditions are equivalent: (d) G is a projective limit (in the category of topological groups) of a projective system of A-groups and continuous homomorphisms;
(e) G is an element of the variety VðAÞ of Hausdor¤ groups generated by A. r
Choosing U compact, we see that N in (a) can always be assumed to be compact. 1.7. Our main sources for p-adic Lie theory are [5] and [24] . All Lie groups G considered here are finite-dimensional analytic Lie groups (unless we say otherwise explicitly). As usual, a p-adic Lie group will be identified with its underlying topological group. The p-adic Lie algebra of G is denoted LðGÞ. All necessary background concerning pro-finite groups and pro-p-groups (in particular, the basics of Sylow theory needed here) can be found in [29] .
1.8. Given a prime p, a topological group G is called locally pro-p if G has a compact, open subgroup U which is a pro-p-group. As an immediate consequence of the corresponding inheritance properties of pro-p-groups, the class LOC p of locally pro-p groups is closed under formation of finite direct products, closed subgroups, and Hausdor¤ quotients.
1.9.
It is well known that every p-adic Lie group is locally pro-p, and so is every analytic Lie group G over a local field K whose residue field k has characteristic p; see [24] . See also [11, Proposition 2.1(h)] for a recent proof, which remains valid if G is not analytic but merely a C 1 -Lie group (in the setting of [2] ). While every p-adic C kLie group admits a C k -compatible analytic Lie group structure [11] , for every local field of positive characteristic there exists a 1-dimensional smooth Lie group without an analytic Lie group structure compatible with its topological group structure, and C k -Lie groups which are not C kþ1 ; see [9] .
Relations between the various classes of groups
First we collect various simple facts. The following observation concerning closed subgroups of pro-nilpotent groups is the key to an understanding of MIX p -groups and VSUB p -groups. (Recall from [29] that projective limits of nilpotent finite groups are called pro-nilpotent.) Proposition 2.2. Let U p be a pro-p-group for each p A P, and S be a closed subgroup of U :
Proof. Being a direct product of pro-p-groups, U is pro-nilpotent (cf. [ 
Corollary 2.3. Let p be a non-empty, finite set of primes, G p be a locally pro-p group (resp., a p-adic Lie group) for p A p, and S be a closed subgroup of G :¼ Q p A p G p , which we consider as an internal direct product of the groups G p . Then S p :¼ S V G p is a closed normal subgroup of S and locally pro-p (resp., a p-adic Lie group), being a closed subgroup of G p . Furthermore, the product
is an open subgroup of S.
We now focus on p-adic groups. Analogues for locally pro-p groups are outlined in Section 5.
is a continuous, injective homomorphism from a locally compact group G into a product of p-adic Lie groups G p , for p in some finite set of primes p. Then G is a SUB p -group.
Proof. Since f is injective, G is totally disconnected. We choose a compact, open subgroup U J G; then U is isomorphic to the closed subgroup S :¼ fðUÞ of Q p A p G p . Thus Corollary 2.3 entails the claim.
Corollary 2.5. Let p be a set of primes. Then A p J SUB p and thus MIX p J VSUB p .
Proof. Without loss of generality p 0 q, the omitted case being trivial. If G is an A pgroup, then after passing to an isomorphic copy we may assume that G ¼ S=N where S is a closed subgroup of a product P :¼ Q p A F G p of p-adic Lie groups for p in some finite subset F J p, and N J S a closed normal subgroup. Then S p :¼ S V G p is a closed subgroup of S, and 
But, since N=Ñ N is discrete, the group in (4) is locally isomorphic to S=Ñ N, which has
We may assume that pr p ðSÞ is dense in G p in the preceding proof (where pr p : P ! G p is the coordinate projection), entailing that the closed subgroup
Combining this with (4), we obtain Corollary 2.6. If p 0 q, then every A p -group is topologically isomorphic to a quotient S=D, where S is a closed subgroup of a product Q p A F G p of p-adic Lie groups G p for p in a finite set F J p, and D is a normal subgroup of S that is discrete. r Proposition 2.7. Let p be a set of primes. Then (a) the class SUB p is suitable for approximation, and (b) the class A p is suitable for approximation.
Proof. The case p ¼ q being trivial, we assume that p is non-empty.
(a) Every SUB p -group is locally compact. Let us show that the class SUB p is closed under the formation of finite direct products, closed subgroups, and Hausdor¤ quotients. It is obvious that finite products of SUB p -groups are SUB p -groups. Now let G be a SUB p -group and S a closed subgroup. Let U J G be an open subgroup which is a product
whence S is a SUB F -group (and thus a fortiori a SUB p -group), by Corollary 2.3. If G and U are as before and N is a closed normal subgroup of G, then G=N has an open subgroup isomorphic to U=ðU V NÞ, which is an A p -group and hence a SUB p -group by Corollary 2.5. Hence also G=N is a SUB p -group.
Finally, suppose that f : G ! H is a continuous homomorphism from a locally compact group G to a SUB p -group H. Since H is totally disconnected, the connected identity component G 0 of G is contained in the kernel of f , entailing that Q :¼ G=ker f is totally disconnected. Let f : Q ! H be the injective continuous homomorphism determined by f q ¼ f , where q : G ! Q is the quotient map. Let W J H be an open subgroup which is a finite product of p-adic Lie groups (for certain p A p). Being totally disconnected and locally compact, Q has a compact, open subgroup U contained in f À1 ðW Þ. Then U is a SUB p -group by Corollary 2.4, and hence so is Q ¼ G=ker f . The proof of (a) is complete.
(b) It is obvious that A p is closed under the formation of closed subgroups, Hausdor¤ quotients, and finite cartesian products. Given a continuous homomorphism f : G ! H from a locally compact group G to an A p -group H, the locally compact group Q :¼ G=ker f is totally disconnected. There is a unique continuous injective homomorphism f : Q ! H such that f k ¼ f, where k : G ! Q is the quotient map. Let us show that Q is an A p -group. For convenience of notation, after replacing G by Q and f by f, we may assume without loss of generality that f : G ! H is injective. Furthermore, in view of Corollary 2.6, we may assume that H ¼ S=D for some closed subgroup S of a product Q p A F G p of p-adic Lie groups G p for p in a finite subset F J p, and some discrete normal subgroup D of S. We let r : S ! S=D ¼ H be the canonical quotient map. Our goal is to equip S 0 :¼ r À1 ðfðGÞÞ with a finer topology which turns this group into a closed subgroup of another suitably chosen product of p-adic Lie groups, such that S 0 =D G G as a topological group. To this end, we choose a compact, open subgroup U of G. Then W :¼ r À1 ðfðUÞÞ is a closed subgroup of S and hence also of 
Lie groups for some finite subset F J p, D is a discrete normal subgroup of S 0 , and furthermore all of the coordinate projections pr p : P ! H p restrict to quotient morphisms
Remark 2.9. Let p be a finite set of primes, S a closed subgroup of a product Q p A p G p of p-adic Lie groups, and f : G ! S a continuous homomorphism from a locally compact group to S. Repeating the proof of Proposition 2.7(b) with D :¼ f1g, we see that G=ker f is isomorphic to a closed subgroup of a product Q p A p H p of p-adic Lie groups.
Remark 2.10. Proposition 2.7 allows us to apply Proposition 1.5 to the cases A :¼ A p and A :¼ SUB p . We deduce, in particular, that every MIX p -group (resp., VSUB pgroup) is a pro-A p -group (resp., a pro-SUB p -group), whence it is a projective limit of a projective system of A p -groups (resp., SUB p -groups), such that all bonding maps and all limit maps are quotient morphisms. We also deduce the useful fact that a locally compact group is a MIX p -group (resp., a VSUB p -group) if and only if it can be approximated by A p -groups (resp., by SUB p -groups).
Theorem 2.11. For any sets of primes p and q, we have
Proof. We may assume that p; q 0 q, the excluded case being trivial.
(a) Let G A VSUB p V VSUB q . By Remark 2.10, to prove that G A VSUB pVq , we only need to show that G can be approximated by SUB pVq -groups. To verify the latter, let U be an identity neighbourhood of G; after shrinking U, we may assume that U is a compact, open subgroup of G. Since G A VSUB p , there exists a closed normal subgroup K J U of G such that G=K A SUB p (by Remark 2.10), and thus G=K A SUB
(b) Suppose that G A VSUB p V MIX q . By Remark 2.10, to prove that G A MIX pVq , we only need to show that G can be approximated by A pVq -groups. To verify this, let U be a compact, open subgroup of G. Since G A VSUB p , there exists a closed normal subgroup K J U of G such that G=K A SUB F for some finite, non-empty subset F J p. Now G A MIX q entails that G=K A MIX q , whence the identity neighbourhood U=K contains a closed normal subgroup N of G=K such that ðG=KÞ=N is an A q -group (by Remark 2.10). Hence, in view of Remark 2.8, there are q-adic Lie groups H q for q in a non-empty finite subset E J q, a closed subgroup S J Q q A E H q ¼: H, and a quotient morphism r : S ! ðG=KÞ=N with discrete kernel D, such that pr q j S : S ! H q is a quotient morphism for each q, where pr q : H ! H q is the coordinate projection. Since D is discrete, the groups S and ðG=KÞ=N are locally isomorphic. The group ðG=KÞ=N is a SUB F -group, being a quotient of the SUB F -group G=K (by Proposition 2.7(a)), whence every identity neighbourhood of ðG=KÞ=N contains a compact, open subgroup which is a product of p-adic Lie groups with p A F . Hence also S has a compact, open subgroup of the form
has open kernel. Since V is compact, ker pr q j V has finite index in V , entailing that pr q ðV Þ is finite. Because the latter set is open in H q (since pr q j S is a quotient morphism), we deduce that H q is a discrete group (and hence a p-adic Lie group for each p).
Therefore ðG=KÞ=N G S=D is an A EVF -group and hence an A pVq -group. Since the kernel of the natural quotient map G ! ðG=KÞ=N is contained in U, we see that G can be approximated by A pVq -groups, as required.
(c) Since MIX p J VSUB p , assertion (c) is a trivial consequence of (b).
Note that MIX f pg ¼ VSUB f pg , because a locally compact group having a p-adic Lie group as an open subgroup is itself a p-adic Lie group. We now show that MIX p is a proper subclass of VSUB p whenever p has at least two elements. Proposition 2.12. If p is a non-empty, non-singleton set of primes, then there exists a group G A SUB p J VSUB p such that G B MIX p .
Proof. Let p; q A p be two distinct primes and n A N such that both SL n ðQ p Þ and SL n ðQ q Þ are simple groups. Let U 1 J SL n ðQ p Þ and U 2 J SL n ðQ q Þ be compact, open subgroups such that U 1 is a pro-p-group and U 2 a pro-q-group. Set
Then the amalgamated product G :¼ G 1 Ã U G 2 can be made a topological group with U as a compact, open subgroup, and thus G A SUB f p; qg . Then G B MIX p . In fact, otherwise
whence p ¼ fp; qg without loss of generality. We shall derive a contradiction. For simplicity of notation, we identify U, G 1 and G 2 with the corresponding subgroups of G, and we identify SL n ðQ p Þ with SL n ðQ p Þ Â f1g J G 1 and SL n ðQ q Þ with f1g Â SL n ðQ q Þ J G 2 . As we suppose that G A MIX f p; qg , there exists a closed normal subgroup N J G such that N J U and G=N A A f p; qg (cf. Proposition 2.7(b)). Since SL n ðQ p Þ V N is a proper normal subgroup of SL n ðQ p Þ, we must have SL n ðQ p Þ V N ¼ f1g. Similarly, SL n ðQ q Þ V N ¼ f1g and thus using Corollary 2.3 we see that
Hence G A A f p; qg , and we can find a p-adic Lie group H 1 , a q-adic Lie group H 2 , a closed subgroup S J H 1 Â H 2 and a closed normal subgroup M J S such that G G S=M. Let p : S ! G be a quotient morphism with kernel M. By Corollary 2.3,
Since p is continuous, we can find compact, open subgroups V 1 J S V H 1 and V 2 J S V H 2 such that V 1 is a pro-p-group, V 2 is a proq-group, and pðV 1 Â V 2 Þ J U. Then pðV 1 Þ J U 1 and pðV 2 Þ J U 2 , by Lemma 2.1. Since pðV 1 Þ is open in SL n ðQ p Þ, we can find x 1 A V 1 J H 1 such that pðx 1 Þ is not a diagonal matrix and has, say, a non-zero ði; jÞ-entry (where i 0 j). Let d be the diagonal matrix whose ith and jth diagonal entries are p Àk and p k , respectively, while all other diagonal entries are 1. Choosing k A N large enough, we obtain z 1 :¼ dpðx 1 Þd À1 B U 1 . There is g A S such that pðgÞ ¼ d. Then h 1 :¼ gx 1 g À1 A S V H 1 (the latter subgroup being normal in S), and pðh 1 Þ ¼ z 1 A SL n ðQ p Þ. Similarly, we find an element h 2 A S V H 2 such that z 2 :¼ pðh 2 Þ A SL n ðQ q Þ but z 2 B U 2 . Then h 1 h 2 ¼ ðh 1 ; h 2 Þ ¼ h 2 h 1 . Thus h 1 and h 2 commute and hence also their images z 1 and z 2 under p commute. But z 1 z 2 0 z 2 z 1 . To see this, for j A f1; 2g choose a set R j J G j of representatives for the cosets in G j =U, such that z j A R j . Then the word z 1 z 2 in G 1 Ã G 2 is the normal form of z 1 z 2 (as in [23, Theorem 11 .66]), and the word z 2 z 1 is the normal form of z 2 z 1 . Hence z 1 z 2 0 z 2 z 1 in G, and we have reached the desired contradiction.
3 Tidy subgroups and the scale function for SUB p -groups and VSUB p -groups
We now describe tidy subgroups and calculate the scale function for SUB p -groups and then, passing to projective limits, for VSUB p -groups. We require a slight generalization of the notion of the module of an automorphism. Proof. Since G A SUB P , we can find a finite set F J P and an open subgroup U of G such that U ¼ Q p A F U p for certain p-adic Lie groups U p . After shrinking U p , we may assume that U p also is a pro-p-group. We may furthermore assume that each U p satisfies the ascending chain condition on closed subgroups, because every p-adic Lie group has an open subgroup with this property (see [25, proof of Proposition 3.5]). Now let S 1 J S 2 J Á Á Á be an ascending sequence of closed subgroups of U. Then ðS n V U p Þ n A N becomes stationary for each p A F , and hence so does ðS n Þ n A N , as
Note that Z N p is a MIX P -group without open subgroups satisfying the ascending chain condition on closed subgroups.
The following fact is essential for the calculation of the scale function and tidy subgroups.
3.3.
If E is a finite-dimensional Q p -vector space and a a linear automorphism of E, then
Àn ðxÞ ! 0 as n ! yg;
is relatively compactg;
see [25, Lemma 3.4] or [7, Lemma 3.3] (cf. [18, pp. 80-83] for more refined information). We call (6) the contraction decomposition of E with respect to a. It is known (see, e.g., [7, Lemma 3.3] and its proof ) that there is an ultrametric norm k Á k on E which is adapted to the decomposition (6) in the sense that kaðxÞk ¼ kxk for all x A E 0 and, for suitable y > 1,
If g is a finite-dimensional p-adic Lie algebra, there exists a compact, open submodule V J g such that the Campbell-Hausdor¤ series converges on V Â V to a function 
by choice of the norm k Á k p , so that a Àn ðB p; e V LðH p Þ þ Þ J B p; e for each n A N 0 , entailing that B p; e V LðH p Þ þ J ðB e Þ þ and thus
If y ¼ ðy p Þ p A p A B e and y q B LðH q Þ þ for some q A p, then
where ðy q Þ m is the component of y q in LðH q Þ m and y > 1 is, as in Paragraph 3.3, the definition of an adapted norm. This entails that we can find m A N such that ðb p Þ Àn ðy p Þ A B p; e for all n A f0; . . . ; m À 1g and all p A p, and an element q A p such that
Then b 
and an analogous argument gives ðB e Þ À ¼ Q p A p ðB p; e V LðH p Þ À Þ. Using (13), we see that
and hence B e ¼ ðB e Þ þ ðB e Þ À , that is, B e satisfies condition (T1) of tidiness. As a consequence of Proposition 3.2, B e also satisfies (T2) and thus B e is tidy for a.
To calculate r G ðaÞ, we choose e A 0; e 0 and obtain
with l p; i as described in the theorem. Here, we have used [7, Lemma 3.4 ] to pass to the third line. Since jQ Â p j p ¼ p Z , the final term in the second line shows that
Remark 3.5. In the special case where G is a p-adic Lie group, Theorem 3.4 provides a self-contained, explicit calculation of the scale function, and a basis of subgroups tidy for x A G. The earlier calculation of s G in [7] relied on a result from [25] , and tidy subgroups could not be described explicitly in that paper.
Lemma 3.6. Let G be a totally disconnected, locally compact group, K J G a compact, normal subgroup, q : G ! G=K the quotient map, and x A G. Then q À1 ðUÞ is tidy for x, for every compact, open subgroup U J G=K which is tidy for xK, and s G ðxÞ ¼ s G=K ðxKÞ. 
, and V þþ ¼ q À1 ðU þþ Þ, which is closed. Thus V is tidy for x, and
Combining Theorem 3.4 and Lemma 3.6, we obtain Corollary 3.7. Let p be a non-empty set of primes, and G A VSUB p .
(a) If K J G is a compact, normal subgroup such that G=K is a SUB p -group, then G=K is a SUB F -group for some finite subset F J p and
where s G=K ðxKÞ can be calculated explicitly as described in Theorem 3.4. In particular, PðGÞ J F , whence PðGÞ is a finite subset of p.
(b) Let x A G. For every K as in (a) and every compact, open subgroup U J G=K tidy for xK, the subgroup q À1 K ðUÞ J G is tidy for x, where q K : G ! G=K is the quotient map. The set of subgroups q À1 K ðUÞ tidy for x, for all possible K and U, is a basis for the filter of identity neighbourhoods of G. Hence G has small tidy subgroups. r Remark 3.8. If G is an adèle group then PðG=G 0 Þ typically is an infinite set. In this case, G=G 0 is not a MIX P -group (nor a VSUB P -group), by Corollary 3.7(a). For example, we have PðG=G 0 Þ ¼ P for
where n d 2 and F ranges through the set of finite subsets of P (cf. [7, Theorem 5.1]).
4 The minimal set of primes needed to build up a compactly generated MIX P -group or VSUB P -group As a tool, we introduce an analogue of the adjoint action of Lie groups for SUB P -groups.
4.1.
Suppose that G is a SUB P -group and H J G an open subgroup of the form Proof. By Corollary 3.7, G A VSUB p entails PðGÞ J p for p non-empty, and evidently PðGÞ J p also holds if p ¼ q, as every pro-discrete group is uniscalar.
(a) Let G A VSUB P be compactly generated; we want to show that G A VSUB PðGÞ . In view of Remark 2.10, we only need to show that G can be approximated by SUB PðGÞ -groups. Now, given a compact, open subgroup U J G, there exists a compact normal subgroup N J U of G such that G=N is a SUB q -group for some finite subset q J P. Then G=N is compactly generated, and PðGÞ ¼ PðG=NÞ (from Lemma 3.6), whence PðGÞ J q, by what has already been shown. Let r : G ! G=N be the quotient map. If we can show that G=N A VSUB PðGÞ , then we can find a compact normal subgroup Z J rðUÞ of G=N such that ðG=NÞ=Z G G=r À1 ðZÞ is a SUB PðGÞ -group, where r À1 ðZÞ J U, whence indeed G can be approximated by SUB PðGÞ -groups.
Replacing G by G=N, we may therefore assume that G A SUB q for some finite set of primes q. Let U J G be as before. Þ is a compact element of AutðLðH p ÞÞ, for each x A G and each p A r. Since the homomorphism Ad p : G ! AutðLðH p ÞÞ is continuous (see Paragraph 4.1), we deduce that the subgroup R p :¼ Ad p ðGÞ J AutðLðH p ÞÞ is compactly generated. Being compactly generated and periodic, R p is relatively compact in AutðLðH p ÞÞ (see [22] 
as an open subgroup, where Q p A r H p =C q is discrete. Thus G=C A SUB PðGÞ , showing that G can be approximated by SUB PðGÞ -groups, which completes the proof of (a).
(b) Now suppose that G A MIX P is compactly generated. Then G A VSUB P a fortiori and hence G A VSUB PðGÞ , by assertion (a). Thus 
Variants based on locally pro-p groups
Variants of some of our results can be obtained with p-adic Lie groups replaced by locally pro-p groups. We also provide counter-examples for results which do not carry over.
5.1.
In Paragraph 1.8, we introduced the class LOC p of locally pro-p groups. Given q 0 p J P, we set LOC p : Given p J P, we let SUB 4 p be the class of all topological groups possessing an open subgroup isomorphic to Q p A F G p , where F J p is finite and G p a pro-p-group for each p A F . We define always holds in characteristic 0, surprisingly this equation becomes false in general if charðKÞ > 0. Closer inspection reveals that (16) holds if and only if G has small subgroups tidy for a (see [13] ). This natural property (which is not always satisfied) was first explored in [1] in the context of contraction groups and has been exploited further in [10] .
A straightforward adaptation of the proof of Theorem 2.11(a) also gives Proposition 5.8. VSUB p V VSUB Example 5.9. Given a non-trivial, finite p-group K, the construction described in [3, p. 269, ll. 2-5] (based on an idea from [17] ) yields a totally disconnected, locally compact group G which is compactly generated and uniscalar, but does not possess a compact open normal subgroup. Since, by construction, G contains an open subgroup topologically isomorphic to K N , we see that G is locally pro-p.
Finally, we observe that MIX 4 fpg -groups need not be locally pro-p. Indeed, given any prime q 0 p and any non-trivial finite q-group K, the group G :¼ K N is prodiscrete and thus G A MIX 4 fpg . However, G is not locally pro-p. 6 The minimal set of primes in the general case
In this section, we show that also for groups G A MIX P that are not compactly generated, there is always a smallest set of primes p such that G A MIX p . As a tool to find p, we associate certain sets of primes to totally disconnected, locally compact groups G, which only depend on the local isomorphism type of G. Definition 6.1. Given a totally disconnected, locally compact group G, we let LðGÞ J P be the set of all primes p such that, for every compact, open subgroup U J G, the element p divides the index ½U : V for some compact, open subgroup V J U. The set LðGÞ is called the local prime content of G. The reduced prime content of G is defined as (a) For every a A AutðGÞ, the set of prime divisors of r G ðaÞ is a subset of LðGÞ. 
Since p and ½U; U N V a À1 ðU N Þ are coprime, we deduce that p does not divide r G ðaÞ. Our next aim is to analyze VSUB where JðGÞ is the set of all compact, normal subgroups K of G such that G=K A SUB Corollary 6.12. If G is a compactly generated VSUB P -group, then PðGÞ ¼ L i ðGÞ. r
Appendix. The set of normal subgroups with Lie quotients need not be a filter basis Let K ¼ R or K ¼ Q p for some p. Given a topological group G, let N K ðGÞ be the set of all closed normal subgroups N J G such that G=N is a K-Lie group. We describe a complete abelian topological group G such that N K ðGÞ is not a filter basis. Examples for such behaviour were not known before. For locally compact G, the pathology cannot occur, the class of K-Lie groups being suitable for approximation (see [8, (1.7) ]; cf. [16] ).
Construction of G. The topology induced by K on Q can be refined to a topology t which makes Q a non-discrete, complete topological group [19] . We write H :¼ ðQ; tÞ and define G :¼ K Â H. Then H is not a K-Lie group, as it is countable but nondiscrete. Hence G is not a K-Lie group either, since otherwise H G G=ðK Â f0gÞ would be a K-Lie group. The first coordinate projection G ! K, ðx; yÞ 7 ! x is a quotient homomorphism, with kernel N :¼ f0g Â H. On the other hand, since the inclusion map i : H ! K is continuous, the map q : G ! K; ðx; yÞ 7 ! x þ iðyÞ ¼ x þ y is a continuous homomorphism. Evidently q is surjective. Furthermore, q is open since, for any 0-neighbourhoods U J K and V J H, we have U J qðU Â V Þ. We set M :¼ ker q ¼ fðx; ÀxÞ : x A Qg. Then M V N ¼ f0g, G is not a K-Lie group, and both G=M and G=N are topologically isomorphic to K. r extension from the p-adic case to locally pro-p groups. His remarks also led to the counter-examples proving Proposition 2.12.
